We develop low-dimensional models for the evolution of a free shear layer in a periodic domain. The goal is to obtain models simple enough to be analyzed using standard tools from dynamical systems theory, yet including enough of the physics to model nonlinear saturation and energy transfer between modes (e.g., pairing). Recently, experiments have suggested that high-frequency forcing of shear layers over open cavities may provide a mechanism for suppression of tones in cavities, and a long-term goal of this work is to study the dynamics of forced shear layers, to better understand these effects. In the present paper, 2D direct numerical simulations of a spatially periodic, temporally developing shear layer are performed. Low-dimensional models for these dynamics are obtained using a modified version of proper orthogonal decomposition/Galerkin projection, in which the basis functions can scale in space as the shear layer spreads. Equations are obtained for the rate of change of the shear layer thickness. When scaling is included in the shear flow dominated by k = 1 only, the first POD mode of wave number k = 1 captures 93% of the energy, which is impossible to obtain by regular POD analysis without scaling. For the flow dominated by both k = 1 and k = 2, when scaling is included, the first POD mode of wave number k = 1 and k = 2 together capture 95% of the total energy. Projection of incompressible Navier-Stokes equations to the first two POD modes of k = 1 gives a simple 2-mode model. If the projection is onto the first two POD modes of both k = 1 and k = 2, a more complex 4-mode model can be built to describe more complex flows. The 2-mode model can describe certain single-frequency features of the system, such as vortex roll-up, nonlinear saturation, and viscous damping. The 4-mode model can describe interactions between two frequencies (vortex merging) as well. The relation between the phase difference of the first (symmetric) and second (asymmetric) POD modes of the same wave number and the shear layer spreading rate can be clearly observed in both direct numerical simultions and model computations.
I. Introduction
Temporally and spatially evolving shear layers have been studied for over a century, dating back to the early experiments of Helmholtz and Lord Kelvin, and the analysis of Lord Rayleigh, which laid the foundations for stability analysis we still use today. 1, 2 This paper focuses on nonlinear models for the evolution in time of a spatially periodic shear layer, including nonlinear effects such as saturation of disturbances and energy transfer between modes.
The motivation comes primarily from the study of oscillations in the flow past a cavity, in which recent experiments suggest that periodic forcing of the shear layer may reduce or eliminate the resonant tones produced for the unforced flow. 3 The mechanisms for these effects are not understood, and indeed there is some question about whether the experimentally observed suppression of oscillations results from the highfrequency effects or from modifications to the mean flow. However, simple mechanical systems often exhibit striking changes in dynamical features when subjected to high-frequency forcing, and given an appropriate (relatively low-dimensional) model, these effects can often be analyzed and understood using techniques from dynamical systems theory (e.g., averaging). 4, 5 The eventual goal of this work is to produce such nonlinear models of shear layer dynamics, suitable for analysis, in order to better understand mechanisms of pairing, saturation, and cavity tone suppression.
The general technique we use is based on Proper Orthogonal Decomposition (POD) and Galerkin projection, but differs from the standard technique, in that we use basis functions that are able to change their spatial scale as the shear layer thickness changes. A related technique has been used in previous works, for traveling solutions and self-similar solutions. 6, 7 In this method, empirical basis functions are computed from numerical data that is first scaled so that it matches up best with a preselected "template". Often models of much lower dimension are possible in such a scaled reference frame.
We describe the simulations in section II, the low-dimensional modeling procedure in section III, and finally present the results in section IV.
II. Direct numerical simulations
The flow considered here is a two-dimensional free shear layer periodic along the streamwise (x) direction, as shown in figure 1 . The compressible Navier-Stokes equations are solved in a domain 0 < x/δ ω0 < 5π and −30 < y/δ ω0 < 30, where δ ω0 is the initial vorticity thickness. A spectral method was naturally chosen for x-direction derivatives, and fourth-order dispersion-relation-preserving scheme 8 was used for derivatives along the y direction. A fourth-order Runge-Kutta algorithm was used to advance the solution in time. In the simulation, an additional 20δ ω0 thickness buffer zone was attached to the top and the bottom of the above domain to enhance the non-reflecting boundary conditions. 9 The flow was started with a hyperbolic tangent velocity profile u 0 (x, y) = U ∞ (1 + tanh(2y))/2 with small perturbations, which are eigenfunctions of the most unstable modes (for streamwise wave number k = 1 or k = 2 in different cases) calculated from the linear stability analysis.
III. Low-dimensional models

A. Scaling basis functions
A common approach to low-dimensional modeling is to project the governing equations onto a fixed set of basis functions, which are often determined by proper orthogonal decomposition of a set of data. Here, since the shear layer thickness is spreading in time, because of vortex rolling up, vortex merging, Reynolds stresses, and viscous dissipation, we consider basis functions that scale in the y-direction. In particular, denoting the vector of flow variables by q = (u, v) (only the velocity field is considered for now), we expand q(x, y, t) = r(x, g(t)y, t)
where g(t) > 0 is a scaling factor, and
where ϕ 0 (y) is typically the mean flow, and ϕ j are basis functions (typically found by POD). The choice of the scaling factor g(t) is arbitrary, but following the approach in previous works, 6, 7 here we choose it so that r(x, y, t) lines up best with a pre-selected template function r 0 (x, y), which here might be a parallel tanh profile (e.g., r 0 (x, y) = U ∞ (1 + tanh(2y))/2). With this definition of g(t), a new thickness can be defined as
It is not surprising that this "g" thickness is very close to vorticity thickness in our flow. The condition that r be scaled so that it most closely matches r 0 may be written
where h(s) is any curve in R + with h(0) = 1, and · is a norm on the space of functions of (x, y): that is, h = 1 is a local minimum of the error norm above. This expression becomes
Geometrically, this result means that the set of all such functions r that are scaled so that they most closely match the template r 0 is an affine space through r 0 and orthogonal to y∂ y r 0 .
B. Equations of motion for the thickness
Here, we obtain equations of motion for the rate of change of the parameter g(t), which governs the shear layer thickness. We regard the equations of motion as a dynamical system evolving on a function space H, consisting of the flow variables at all points (x, y) in our spatial domain. Thus, q(t) ∈ H is a snapshot of the entire flow at time t, and the governing equations of motion may be written
where f is a differential operator on H (e.g., the Euler or Navier-Stokes equations). If we introduce the scaling operator S g : H → H, defined by
, and the governing equations may be written 
If we define f g (r) = S 1/g f (S g [r]), then these may be written
Thus, the equations for the evolution of the scaled variable r in (1) are similar to the original dynamics (5), with f replaced by f g , and with one additional term related to the rate of change of the scaling factor g(t).
These equations alone are not enough to specify the evolution r(t), though, since we also need to specify the scaling g(t). However, when (7) is solved along with the constraint (4), then this forms a partial differential algebraic equation which completely specifies both r and g. Differentiating the constraint (4), we have
Altogether, equation (7) for r together with equation (8) for g completely specify the evolution, and substituting the expansion (2) and taking inner products with ϕ k determines low-dimensional models in terms of the coefficients a k (t) and the scaling g(t).
C. Projection of flow equations
To simplify the problem, we start with incompressible flow, though our simulation is a low Mach number compressible flow. Thus, we have the equations
Denoting the velocity field by the vector q = (u v) T , the function f (q) is therefore
where
(11)
Following the same definition, we will have r = (ũṽ) T , where
Then, it is straightforward to obtain f g (r) as
We can write r as an expansion in basis function as
where k is the wave number and n is the index for each POD mode, and φ 0 (y) is the (scaled) mean flow
Typically, the basis functions Φ k,n are chosen to be divergence-free, so that any linear combination of them is also divergence-free, and the continuity equation is automatically satisfied. One difficulty with the scaling procedure used here is that when the scaling is introduced, the resulting modes are not precisely divergencefree. To simplify the problem, this incompressibility constraint is removed in our modeling. Although there is no a priori justification for this, we will observe in section IV that the errors introduced are small, since the velocity field computed by the model remains nearly divergence free. For more accurate models, one could imagine enforcing incompressibility by modeling the pressure term as in Noack et al. 10 We proceed by considering only wave numbers k = ±1, and the first two POD modes n = 1 and n = 2 for each wave number:
where φ k,n (y) = (û k,n (y)v k,n (y)) T . The summation is then an approximation of the original r, though the notation r is still used for the summation in the rest of this paper without confusion. Moreover, the condition that r be real gives
which permits further simplification.
To obtain equations for time coefficients a 1,1 (t) and a 1,2 (t), we need to project the equation
onto modes Φ 1,1 and Φ 1,2 . In this projection, we make another approximation that the contribution from the pressure terms is small due to our boundary conditions. As previously mentioned, improvements may be possible by modeling the pressure terms explicitly. 10 We also need the projection unto the "zero" mode y∂ y r 0 to obtain the equation for the thickness change (see equation (8)).
Eventually, with only modes (k, n) = (1, 1) and (k, n) = (1, 2) retained, we have the equations for g, a 1,1 , and a 1,2 asġ = c 01 n 0 a 1,1 a * 1,1 g 2 + c 02 n 0 a 1,2 a * 1,2 g 2 + 2Re(
where all coefficients are constants (depending only on the modes), and are defined in appendix A. If we choose two more modes n = 1 and 2 for wave number k = 2, the same derivation can give the equations of g, a 1,1 , a 1,2 , a 2,1 , and a 2,2 to describe a more complex system discussed later. The resulting equations are lengthy, however, and are not shown here.
IV. Results and discussions
As mentioned in section II, the shear layer flow considered in this paper is started with a hyperbolic tangent velocity profile u 0 (x, y) = U ∞ (1 + tanh(2y))/2 with small perturbations, which are eigenfunctions of the most unstable modes calculated from the linear stability analysis. With different initial condition, the following two cases are studied. The first case has the most unstable k = 1 mode as the initial perturbation, and the flow is dominated by single k = 1 wave number as we expect. The second case has k = 2 mode as the initial perturbation, and is dominated by k = 2 mode at the beginning. However, the k = 1 mode grows naturally (initially excited by numerical noise) as it is more unstable than k = 2 mode when the shear layer spreads, so in this case both k = 1 and k = 2 modes are needed.
A. Flow with mode k = 1 only
Firstly, we consider the flow with an initial perturbation containing only the k = 1 wavenumber. The time evolution of the shear layer thickness is shown in figure 2. From this figure (with the help of flow visualization), we can easily identify three developing stages: (1) vortices with wave number k = 1 are rolling up and causing fast growth of the shear layer thickness; (2) the flow becomes stable as the shear layer thickens, vortices start to decrease in strength, and viscous dissipation starts to play the main role in the shear layer thickness spreading; (3) only the trivial solution (mean flow) remains, and the flow is simply spreading by viscous dissipation. To obtain a low-dimensional model, we must first choose appropriate basis functions. Because of the translation invariance in the x-direction, Fourier modes are an appropriate choice along the x-direction for our problem. Along the y-direction, we first scale all data snapshots to δ g = a g δ ω0 , where we choose a g = 4 in our cases (this value is arbitrary, and chosen so that the scaled functions are well resolved on the computational grid). We then compute the POD modes of each wave number from the scaled data set. Table 1 shows that the first POD mode (n = 1) of k = 1 contains most of the energy (93.0%), the second POD mode (n = 2) of k = 1 and the first POD mode (n = 1) of k = 2 contain a small amount of energy, and the remaining modes contain very little energy. It is noticed that all k = 0 modes together take only 0.4% energy of the total, which indicates that the scaling has efficiently separated out the spreading of the mean flow.
(k, n) λ energy (%) (1, 1) 112.5 93.0 (2, 1) 3.6 3.0 (1, 2) 3.7 3.1 all k = 0 0.4 Table 1 . Energy contained in different modes, for an initial condition with k = 1.
Below, we will refer to the mode with, e.g., k = 1 and n = 2 as the (1, 2) mode. Notice from Table 1 that the (1, 2) and (2, 1) modes contain a small energy at about the same level. However, in forming reduced-order models, we notice that mode (1, 2) seems to be more dynamically important in the sense of catching the system evolution features with low-order models. Later, we will show that keeping only (1, 1) and (1, 2) can produce reasonably accurate models, while the same size model with (1, 1) and (2, 1) modes does not perform as well. These most dynamically important modes, (1, 1) and (1, 2) are shown in figures 3 and 4. It is noticed that mode n = 1 and n = 2 have different symmetries. The time coefficients a 11 (t) and a 12 (t) of modes (1, 1) and (1, 2) respectively are shown in figure 5 (for all time coefficients a, only the real part is shown). Compared to the "g" thickness changing along time, we can clearly check the three developing stages defined before. Figure 5 also shows us an important relation between the phase difference between the two a coefficients and the thickness growth. Close inspection reveals that the thickness change (increase or decrease) is related to the phase difference of these two modes. Though the physical mechanism for this is not clear, observe from the figure that when the thickness is growing rapidly, the coefficients a 11 and a 12 are in phase, and the thickness is growing less rapidly or decreasing, these coefficients are out of phase. Simulations of the 2-mode model, retaining only (k, n) = (1, 1) and (1, 2) modes, are shown in figure 6 , for the same initial condition as in figure 5 , and the qualitative features of these two figures are similar. However, the model result looks more "violent" than the simulation result, which, we believe, is damped by energy transfer to higher wave numbers. The flow in the second case is dominated by structures with k = 1 and k = 2 at its different developing stages, and this case incorporates more interesting physical phenomena as well (e.g., vortex merging). The time evolution of the shear layer thickness for this flow is shown in figure 7 , where we identify the whole history as five stages with comparison to the flow visualization from the DNS data: (1) k = 2 vortices roll up; (2) k = 2 modes become stable at this thickness; (3) k = 1 modes are introduced (primarily due to numerical noise), are more unstable, and cause vortex merging; (4) k = 1 modes become stable; (5) viscous dissipation dominates. With the same rescaling and empirical mode decomposition, table 2 shows the energy budget of the modes from this more complex dataset. This time, the first POD modes of k = 1 and k = 2 share the most part of the energy, and the energy taken by all other modes is small. With the experience of k = 1 case, we can expect the importance of the second POD modes though the energy of them is small.
(k, n) λ energy (%) (1, 1) 24.00 65.6 (2, 1) 10.75 29.4 (1, 2) 0.76 2.1 (2, 2) 0.61 1.7 all k = 0 1.8 Table 2 . Energy contained in different modes, for an initial condition with k = 2. Figure 12 shows the time coefficients of modes (k, n) = (1, 1), (1, 2), (2, 1), and (2, 2) , computed by projecting the data from the full simulation. The figure clearly illustrates the five distinct stages of shear layer development described above: first the k = 2 vortices grow, then saturate and gradually damp; then the energy is transferred to the k = 1 mode (merging), until this too is damped and only viscous diffusion remains. As in the previous section, the phase difference between two POD modes at the same wave number can be observed as the corresponding shear layer thickness changes. Clearly, a 2-mode model will not be enough to describe this more complex system. We use the 4-mode model with (k, n) = (1, 1), (k, n) = (1, 2), (k, n) = (2, 1) and (k, n) = (2, 2) as shown in figure 13 . This 4-mode model captures those dynamics already captured by 2-mode model, and in addition also describes the vortex merging process successfully. Finally, because conservation of mass is not explicitly enforced with these scaled models, one should verify to what extent the models do preserve incompressibility. Figure 14 shows the maximum divergence of the velocity field at each time, for the same initial conditions as the other figures in this section, and the variation from divergence-free is small but measurable. Although failure of a model to perfectly satisfy conservation of mass may seem disturbing, we are after only approximate models in the first place, so these small errors are acceptable. Note that in the scaled coordinates, the continuity equation becomes ∂ xũ +g∂ yṽ = 0. Also, recall that even the full simulation is not incompressible, but is a low-Mach-number compressible flow, so is not perfectly divergence free. It is possible that one could obtain improved models by scaling the amplitude of the v-component of velocity by g, so that in the scaled coordinates the continuity equation remains div r = 0, but if this scaling is used, the pressure term does not drop out of the momentum equation, and would need to be modeled separately. 
V. Conclusion
Using scaled POD and Galerkin projection, we can build a model based on a few basis functions to describe a temporally developing shear layer with its thickness growing in time. The basis functions are scaled (dynamically) in the y-direction so that in the scaled coordinates, the shear layer thickness remains constant in time. In our study, we noticed the dynamic importance of the second POD mode (for both wavenumbers k = 1 and 2), though it captures much less energy than the first POD mode. We observe that the phase difference between the first and second POD mode plays a significant role in the shear layer spreading, and the growth in amplitude of the main energy-containing mode.
A 2-mode model is constructed by projection of incompressible Navier-Stokes equations onto the first and second POD modes with wavenumber k = 1. This model is simple and can describe the vortex roll-up, nonlinear saturation, and viscous damping when we applied it to a shear flow with a k = 1 mode as an initial perturbation. A more complex 4-mode model can also be obtained by projection onto the first and second POD modes of wavenumbers k = 1 and 2. Applying this model to a shear flow with a k = 2 mode as initial perturbation, we see a more accurate desciption than the 2-mode model, as we expect. More importantly, we see the 4-mode model successfully captures the vortex merging behavior, as eventually the k = 1 mode becomes more unstable. In the future, we hope to use models such as these to the study the effects of external forcing (particularly high-frequency forcing), and ultimately to develop models suitable for feedback control, for instance to enhance or suppress spreading of the shear layer and growth of disturbances.
1 Re 
where the parameters are defined as follows: 
